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Canonical Homeomorphisms of Posets* 
JAMES W. WALKER 
Associated to each partially ordered set there is a topological space called the geometric realization. 
This paper presents several canonical homeomorphisms between geometric realizations of posets. 
Results on realizations of open intervals in direct product posets and posets of closed intervals are 
then applied to the theory of Cohen-Macaulay posets. A method of modifying a poset without 
changing its realization is used to construct examples in the fixed point theory of posets. 
INTRODUCTION 
The finite chains of a poset (partially ordered set) form an abstract simplicial complex 
called the order complex of the poset. From this complex, in tum, there is a standard con-
struction of a topological space called the geometric realization of the poset. This process 
of p~ssing from posets to topological spaces has found various uses, particularly in the 
theory of Cohen-Macaulay posets and in the theory of fixed points in posets. Therefore, 
it is worthwhile to discuss the topological meaning of various poset constructions. In a 
previous paper [9], I discussed homotopy equivalences between posets. In this paper, 
I discuss homeomorphism. 
Section 2 reviews various definitions and ideas involving simplicial complexes and 
topological spaces. 
Section 3 describes the behavior of geometric realization with respect to joins (ordinal 
sums) and direct products of posets. These results are not new, but are fundamental. 
Given .a poset P, the poset Int (P) consists of the set of closed intervals of P, partially 
ordered by inclusion. Section 4 contains a proof that the geometric realization of Int (P) is 
naturally homeomorphic to the geometric realization of P. 
Section 5 describes the geometric realizations of open intervals in a direct product poset, 
in terms of the open intervals of the factors. Similarly, Section 6 discusses the open intervals 
of Int (P) in terms of the open intervals of P. These results on open intervals are applied, 
in Section 7, to the theory of Cohen-Macaulay posets. 
Section 8 describes a procedure, which I call 'cosmetic surgery', for modifying a given 
poset without changing it topologically. This technique is applied, in Section 9, to construct 
some examples in the theory of fixed points in partially ordered sets. 
2. SIMPLICIAL AND TOPOLOGICAL NOTIONS 
An (abstract) simplicial complex is a set K of finite nonempty sets, such that if a E K, 
r ~ a, and r # 0, then r E K. The elements of K are called simplices and the elements of 
uK are called vertices. The important example for us is the order complex A(P) of a 
poset P, whose vertices are the elements of P and whose simplices are the finite nonempty 
chains of P. 
Associated to each simplicial complex K, there is a topological space IKI called the 
geometric realization of K. (In the case of a poset, we usually write !PI instead of jA(P)j.) 
*Some of this material is from the author's Ph.D. thesis, written at M.I.T. under the direction of Richard P. 
Stanley. 
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The underlying set of IKI is the set of formal convex combinations of vertices of K, 
~{t(v)v: v E uK}, 
such that {v in uK: t(v) =f. 0} belongs to K. The term 'convex combination' implies, of 
course, that the coefficients t(v) are all nonnegative and add up to 1. If a is a simplex of K, 
then the subset 
lal = {~t(v)v E IKI: if t(v) =f. 0 then v E a} 
is called a closed simplex of K. If a = {x1 , x2 , ••• , xn}, then an element oflal has the form 
~t;X;. Therefore there is an obvious correspondence between lal and the euclidean simplex 
{(tl, lz, 0 0.' tn) E !Rn: ~ti = I, all I;~ 0}. 
Now, define a topology on IKI by saying that a subset A ofiKI is closed if and only if A n lal 
is closed in the euclidean topology on lal for each simplex a of K. This defines a topology 
such that each closed simplex has the euclidean topology. Another pleasant property of this 
topology is that if Yis a topological space and/: IKI -+ Yis a function, thenfis continuous 
if and only if the restriction off to each closed simplex is continuous. For instance, the 
barycentric coordinate maps ~t(v)v f-+ t(v0 ) are continuous; from this it is immediate that 
a geometric realization is always Hausdorff. 
A space X is compactly generated if a subset A is closed just in case A n C is closed in 
each compact subspace C. Since each closed simplex is compact, we see that a geometric 
realization of a simplicial complex is always compactly generated. 
A function/: X-+ Ybetween topological spaces is proper ifj- 1(C) is compact for every 
compact subspace C of Y. The following proposition will make it easier to prove that maps 
are homeomorphisms. 
PROPOSITION 2.1. Iff: X -+ Y is continuous, bijective, and proper, and Y is compactly 
generated, then f is a homeomorphism. 
PRooF. We need to show thatf- 1 is continuous. Since Y is compactly generated, it 
suffices to show that the restriction of f- 1 to each compact subset C of Y is continuous. 
Sincefis proper, we know thatf- 1(C) is compact. The restriction off to a map fromf- 1(C) 
onto Cis a closed map, since it is a continuous map from a compact space to a Hausdorff 
space. Therefore the restriction of f- 1 to Cis continuous, as desired. 
Call a function g: IKI -+ ILl affine if 
g(~t(v)v) = ~t(v)g(v) 
for each point ~t(v)v of IKI. (In order for the right hand side of the equation to make sense, 
g(lal) must be a subset of some closed simplex of L for each a inK.) An affine function is 
always continuous, since it is clearly continuous on each closed simplex. 
To determine which affine maps are proper, we need to know more about compact 
subspaces of geometric realizations. If K and L are simplicial complexes such that L ~ K, 
then we say that L is a subcomplex of K. 
PROPOSITION 2.2. If K is a simplicial complex and A is a subset ofiKI, then A is compact 
if and only if A is a closed subset of the geometric realization of a finite subcomplex of K. 
PRooF. It is trivial that a finite subcomplex is compact, hence closed subsets thereof are 
compact. 
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Suppose that A is a compact subset of IKI. Define the open star of a vertex v0 to be the 
set St(v0) •= {I:t(v)v E IKI: t(v0 ) =I= 0}; this set is open in IKI because the barycentric 
coordinate functions are continuous. If A is not included in the geometric realization of 
some finite subcomplex, then the collection of all open stars forms an open cover of A with 
no finite subcover, contradicting compactness. 
Let us resume consideration of an affine map g: IKI --. ILl. For each simplex r of L, 
g- 1(1rl) is the geometric realization of a subcomplex of K. Using Proposition 2.2, we can 
see that g is proper if and only if g- 1 (lrl) is a finite subcomplex of K for each r in L. As we 
remarked earlier, every geometric realization of a simplicial complex is compactly generated. 
Therefore, by Proposition 2.1, an affine function g: IKI --. ILl is a homeomorphism if g is 
bijective and if g- 1 (lrl) is a finite subcomplex of K for each r in L. Let us call such a function 
a subdivision map. 
If K and L are two simplicial complexes, then K * L, the join of K and L, is the complex 
K u L u {a u r: a E K, r E L}. Note in particular that K * 0 = 0 * K = K. There is 
also a join operation on topological spaces: If X and Yare nonempty spaces, then X * Y 
denotes the quotient space of X x Y x I determined by the equivalence relation which 
identifies (x, Y~> 0) with (x, y2 , 0) and (x1 , y, I) with (x2 , y, I) for all x, x1 , x2 in X and 
y, y 1, y2 in Y. (By convention, X* 0 = 0 * X = X.) If K and L are two simplicial 
complexes, then there is a natural bijection cp: IK * Ll --. IKI * ILl which sends the convex 
combination (I - t)x + ty (where xis in IKI andy is in ILl) to the triple (x, y, t). It is not 
hard to check that cp is continuous and proper. Therefore, in light of Proposition 2.1, cp is 
a homeomorphism just in case IKI * ILl is compactly generated. The question of when a join 
of compactly generated spaces is compactly generated is closely related to the better-known 
question of when a product of compactly generated spaces is compactly generated. In fact, 
it can be shown that X * Y is compactly generated if and only if X x Y is compactly 
generated. This is because, on one hand, X * Y is a quotient space X x Y x I, and on the 
other hand X * Y has a closed subspace homeomorphic to X x Y. In particular, it is known 
[11, Chapter II, Corollary 5.5] that if K or Lis locally finite, or if both are locally countable, 
th,en IKI * ILl is compactly generated. In the general case, we may have to modify the 
topology of IKI * ILl to make it compactly generated. For any Hausdorff space, the associated 
compactly generated topology is the finest topology which determines the same compact 
subspaces as the original topology (see [10, section I-4]). Then cp is a homeomorphism if we 
replace the topology of IKI * ILl by the associated compactly generated topology. 
There are two particularly important cases of the join construction: The cone of a space 
(or complex) X is the join of X with a point. The suspension of a space (or complex) X is 
the join of X with a 2-point discrete space. We will sometimes denote the suspension of X 
by susp(X). 
3. THE JOIN AND PRODUCT HOMEOMORPHISMS 
In the previous section, we saw that there is a natural homeomorphism IK * Ll ~ 
IKI * ILl, for complexes K and L, relating the join operations of simplicial complexes and 
topological spaces. There is also a join operation on posets: If P and Q are posets, then 
P * Q is the poset formed from the disjoint union of P and Q by adding the new relations 
x < y for all x in P and y in Q. It is easy to see that Li(P * Q) = Li(P) * Li(Q), hence 
IP * Ql = IL1(P) * Li(Q)I ~ IPI * IQI. We now restate this homeomorphism for easy 
reference. 
THEOREM 3.1. If P and Q are posets, then there is a canonical homeomorphism IP * Ql ~ 
IPI * IQI, provided one uses the compactly generated topology on IPI * IQI. 
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Recall that the direct product P x Q of two posets P and Q is defined as the cartesian 
productofPandQwiththepartialorder:(x,y)::;;;; (a,b)ifandonlyifx::;;;; aandy::;;;; b. 
THEOREM 3.2. For any two posets P and Q, the function y: IP x Ql --+ IPI x IQI 
defined by 
y(l:t(x, y)(x, y)) = (l:t(x, y)x, l:t(x, y)y), 
all sums ranging over x in P andy in Q, is a homeomorphism, so long as IPI x IQI is given 
the compactly generated topology. 
SKETCH OF PRooF. We can reduce to the finite case as follows. First of all, y is clearly 
continuous, in fact the two coordinates are affine. Second, although !PI x IQI is not a 
simplicial complex, it is a regular cell complex with cells of the form lal x lrl, for a in 
L1(P) and r in L1(Q). We see that y- 1(ial x lri) = Ia x rl, where a and rare considered 
as subposets, so we can argue that y is a proper map. In light of Proposition 2.1, it 
remains to be shown that y is bijective. Finally, y is bijective just in case each restriction 
y: Ia x rl --+ lal x lrl is bijective. 
The finite case of the theorem is proved in (6, Section 11-8]. The idea is that although there 
is no simple formula for y-I, one can give an algorithm to compute it. 
4. POSETS OF CHAINS AND INTERVALS 
Let sd (P) denote the set of finite nonempty chains of a poset P, partially ordered by 
inclusion. This is essentially the same as L1(P), except that we are thinking of it as a poset 
rather than as a simplicial complex. Then L1(sd (P)) is the barycentric subdivision of L1(P), 
so it is well known that lsd(P)I is homeomorphic to IPI. But it has not been previously 
observed that there is a similar homeomorphism involving the poset Int (P) of closed 
intervals of P, ordered by inclusion. [Unlike some writers, I do no~ include the empty 
interval in Int (P)]. \ 
THEOREM 4.1. For each poset P, the affine function f: lint (P)I --+ IPI sending the closed 
interval [x, y] to tx + !Y is a subdivision map. 
PRooF. It is easy to see that if a is in L1(P), then f- 1 (Ia!) equals lint (a)l, a finite 
subcomplex of lint (P)I. Therefore, to verify that f is a subdivision map, it remains to be 
shown that f is bijective. 
Let b be a point of IPI. Then b has the form t1x 1 + t2x2 + · · · + t.x., where each t; is 
nonnegative, l:t; = 1, and x 1 < x2 < · · · < x. in P. We want to show that there is exactly 
one point a in llnt(P)I such thatf(a) = b. Assuming that there is such a point a, it must 
belong to llnt({x1, x2 , ••• , x.})l. Therefore a has the form s[x1 , x.] + (1 - s)d, where 
0 ::;;;; s::;;;; 1 and d belongs to either llnt({x1 , x 2 , ••• , x._J})I or llnt({x2 , x 3 , ••• , x.})l. 
Applying f, we obtain 
b = f(a) = s(tx1 + tx.) + (1 - s)f(d), 
wheref(d) belongs to either l{x~> x2 , ••• , x._ 1 }1 or l{x2 , x3 , ••• , x.}l. Consideration of 
the coefficients of x 1 and x. leads us to conclude that ts = min(t~> t.). Now, if s = 1, we 
have found that a = 1(x1 , x.]. If s # 1, the equation 
b = s(tx1 + tx.) + (1 - s)f(d) 
determines f(d). By induction on n, f(d) uniquely determines d. Therefore, b uniquely 
determines a. 
One can use a similar argument to prove that lsd (P)I ~ IPI. 
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THEOREM 4.2. For each poset P, the affine function g: lsd (P)I ~ IP I sending the chain 
x 1 < x2 < · · · Xn to (1/n)(x1 + x2 + · · · + xn) is a subdivision map. 
5. OPEN INTERVALS IN A PRODUCT POSET 
An open interval of a poset P is a subposet of one of the following forms: 
P, 
P<x {yinP:y < x}, 
P>x {yin P: y > x}, 
(x, y) {z in P: x < z < y}, where x < y. 
I will use angle brackets for ordered pairs, to avoid confusion with open intervals. 
THEOREM 5.1. The open intervals of a direct product poset P x Q satisfy 
(a) IP x Ql ~ IPI x IQI, 
(b) IP X Q>(a,b)l ~ IP>al * IQ>bl, 
(c) IP X Q<(a,b)l ~ IP<al * IQ<bl, 
{ 
susp (I( a, c)l * i(b, d)l), 
(d) l((a, b), (c, d))l ~ l(b, d)l if a = d, and 
I( a, c)l if b = d, 
ifa =F candb =F d, 
where all products and joins have the compactly generated topology. 
PRooF. Part (a) is simply Theorem 3.2. Parts (b) and (c), which are equivalent by 
duality, are due to Quillen [8, Proposition 1.9], but we may as well give an explicit proof. 
Define an affine mapf: IP x Q><a.h>i ~ IP>a * Q>hl that maps (a, y) toy, (x, b) to x, and 
(x, y) to tx + ty, for x > a andy > b. To verify that this is bijective, let us see how to 
compute the preimage of an element 
of IP>a * Q>bl· Let d = (s1 + s2 + · · · + sm) - (t1 + t2 + · · · + tn). Evidently, if 
d ~ 0 then the preimage must have the form 
dw +(I - d)z, 
where w belongs to IP>a x hi and z belongs to IP>a x Q>hl· (If d > 0 then we have a 
similar statement but with w belonging to Ia x Q>bl-) Bear in mind that the preimage we 
are looking for is a convex combination of elements of a chain in P x Q><a,h>• so the first 
coordinates of elements of P>a x b are less than or equal to the first coordinates of 
elements of P >a x Q >b. Therefore, assuming d > 0, we can find the preimage of w 
uniquely: If j is as small as possible such that 
then the preimage of w is 
(l/d)[s1(x1, b)+ s2 (x2 , b)+···+ sj_ 1(xj_ 1, b) 
+ (d - (s1 + s2 + · · · + sj_d)(xj, b)]. 
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Now we can deduce that 
z = (1/(1 - d))[(s1 + s2 + · · · + sj - d)xj + sj+lxj+l + · · · + SmXm 
+ t,y, + t2Y2 + 0 0 0 + t.y.]. 
One can solve for the preimage of z by an inductive process similar to that used to prove 
Theorem 4.1. 
The final step of showing thatfis a subdivision map is to remark that the inverse image 
of a simplex is a finite subcomplex. To be precise, if a is a simplex of P>a and r is a simplex 
of Q>h then 
!-'(Ia u rl) = Ia x rl u Ia x rl u Ia x bl. 
Part (d) is the new content of the theorem. The latter two parts of (d) are trivial, so we 
consider an open interval of the form I(< a, b), (c, d))l in which a < c and b < d. We will 
use an argument due to Kenneth Brown [private communication]; earlier versions of this 
paper contained a much more complicated proof. Notice that (<a, b), (c, d)) is the union 
of [a, c] x [b, dL<a,h> and [a, c) x [b, dL<a.h>• and this union is preserved by geometric 
realization. Furthermore the intersection of [a, c] x [b, d)> (a, h) and [a, c) x [b, dL (a,h> is 
[a, c) x [b, dL<a,h>· Using three instances of part (b), we find that l(<a, b), (c, d))l is the 
union of l(a, c) * (b, d)l and l(a, c) * (b, d]l, intersecting at l(a, c) * (b, d)l. (Due to the 
naturality of the homeomorphism of part (b), these homeomorphisms are consistent.) Both 
l(a, c) * (b, d)l and l(a, c) * (b, d]l are cones over l(a, c) * (b, d)l, so their union is the 
suspension of l(a, c) * (b, d)l. 
6. OPEN INTERVALS IN A POSET OF INTERVALS 
Recall that if P is a poset, then lnt (P) is the poset of closed intervals of P. We now 
describe the open intervals of lnt (P). 
THEOREM 6.1. The open intervals of lnt (P) satisfy 
(a) llnt(P)I ~ IPI, 
(b) llnt(P)>[a,b]l ~ IP<al * IP>hl, 
{ 
susp (I( a, b)l), 
(c) llnt(PLra,hJI ~ 
0 
ifa=fb 
if a = b, 
{ 
susp (l(c, a)l * l(b, d)l), 
(d) l([a, b], [c, d])l ~ l(c, a)l if b = d, 
l(b, d)l if a = c, 
where joins of spaces have the compactly generated topology. 
if a =f c and b =f d, 
PRooF. lnt(P) may be identified with a filter (dual ideal) of P* x P, where P* is the 
dual poset of P. Therefore parts (b) and (d) follow from parts (b) and (d) of Theorem 5.1. 
Part (a) is from Theorem 4.1. 
Let us consider part (c) in the case that a < b. Observe that lnt (P)<ra,hJ = lnt ([a, b)) u 
lnt((a, b)), where the half-open intervals [a, b) and (a, b] are defined in the obvious way. 
Furthermore, lnt([a, b)) n lnt((a, b)) = lnt((a, b)). From the homeomorphism of Theorem 
4.1, we see that llnt([a, b))l ~ l[a, b)l ~ a* l(a, b)l, llnt((a, b])l ~ l(a, b]l ~ l(a, b)l * b, 
and both of these homeomorphisms restrict to the homeomorphism llnt((a, b))l ~ l(a, b)l. 
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(Here we are using the fact that Theorem 4.1 gives a natural homeomorphism, rather than 
just the fact that a homeomorphism exists.) Thus lint (P)<[a,bJI is the union of two cones over 
l(a, b)l, which is the suspension of l(a, b)l. 
7. APPLICATIONS TO COHEN-MACAULAY POSETS 
Let il;(X; F) denote the i-dimensional reduced homology group of a space X, with 
coefficients in a field F. A poset P of finite length is defined to be Cohen-Macaulay over F 
if, for each open interval D of P, and each integer i < dim IDI, we have H;(IDI; F) = 0. 
See [1], [3], and [4] for background on the Cohen-Macaulay property. Quillen [8] defined 
a stronger property by using homotopy groups in place of homology groups: A poset P of 
finite length is homotopy Cohen-Macaulay if, for each open interval D of P and each integer 
i < dim ID I, the group n;(ID I) is trivial. 
The homological Cohen-Macaulay property has been shown [7] to depend only on the 
space IP I; see also [1, Proposition 3.4]. Therefore it is immediate from Theorem 4.1 that a 
poset Pis Cohen-Macaulay over F if and only if Int (P) is Cohen-Macaulay over F. (This 
was previously proved by Baclawski [1, Theorem 7.2] using spectral sequence methods.) 
Similarly, P is Cohen-Macaulay if and only if sd (P) is Cohen-Macaulay. 
The homotopy Cohen-Macaulay property, on the other hand, is not a topological 
invariant [8, p. 117]. However, it can be shown that various constructions do preserve the 
homotopy Cohen-Macaulay property. 
Call a poset P of finite length spherical if n;(IPI) = 0 for each i < dim IPI. Then a poset 
is homotopy Cohen-Macaulay just in case each of its open intervals is spherical. It follows 
from standard results of algebraic topology that a poset P of finite length is spherical if and 
only if IPI is homotopy equivalent to a bouquet of spheres of dimension dim I Pl. Also, joins 
and suspensions of spherical posets are spherical. 
Recall that a space is acyclic if all of its homology groups vanish, and contractible if it 
is homotopy equivalent to a point. Since spheres are not acyclic, a spherical poset is acyclic 
if and only if it is contractible. 
We will now discuss the behavior of the homotopy Cohen-Macaulay property with 
respect to direct products. The analogous theorem for the homological Cohen-Macaulay 
property was proved by Baclawski [1, Theorem 7.1]. Also, a special case was proved in [5]. 
THEOREM 7.1. Suppose P and Q are posets with at least 2 elements. Then P x Q is 
homotopy Cohen-Macaulay if and only if Pis homotopy Cohen-Macaulay, Q is homotopy 
Cohen-Macaulay, and P and Q are both antichains or both acyclic. 
PRooF. It is immediate from parts (b), (c), and (d) of Theorem 5.1 that all proper open 
intervals of P x Q are spherical if and only if all proper open intervals of P and Q are 
spherical. It remains to be shown that P x Q is spherical just in case P and Q are spherical 
and both antichains or both acyclic. 
If P and Q are antichains, then P x Q is an antichain, hence spherical. If P and Q 
are spherical and acyclic, then they are contractible, hence P x Q is contractible and 
consequently spherical. 
Suppose P x Q is spherical. Then n;(IPI x IQI) = n;(IP x Ql) = 0 for all i such that 
0 :::; i < dim IP x Ql = dim IPI + dim IQI. First consider the possibility that one of 
the posets, say P, is an antichain. By hypothesis, P has at least two elements. Therefore 
n0(1P x Ql) =F 0, hence Q must also be an antichain. Now suppose that neither P nor Q 
is an antichain. Since IPI and IQI are retracts of IPI x IQI (a general fact about product 
spaces), n;(IPI) = n;(IQI) = 0 whenever 0 :::; i < dim IPI + dim IQI. Because dim IPI + 
dim IQI is strictly greater than dim IPI or dim IQI, it now follows from the Hurewicz theorem 
[10, Corollary IV-7.7] that P and Q are acyclic. 
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THEOREM 7.2. A poset Pis homotopy Cohen-Macaulay if and only iflnt (P) is homotopy 
Cohen-Macaulay. 
PRooF. Immediate from Theorem 6.1. 
8. CosMETIC SuRGERY oN PosETS 
Suppose P is a poset. Let I be an ideal, or down-set, of P; that is, if x ~ y andy belongs 
to I then x belongs to /. Let l be some other poset. The goal of this section is to describe 
a situation in which I can be replaced by l without changing IPI topologically. I call this 
process cosmetic surgery. 
Call a map f: III -+ Ill a surgery map iff is a homeomorphism and, for each x in P but 
not /,f(IP <X n /I) is the realization of some ideal of l. In that case, let f. (x) denote the 
unique ideal of l such thatf(IP<x n /1) = If., (x)l. Note that a surgery map need not be 
affine. 
Given P, I, l, and a surgery map f: Ill -+ Ill, define a new poset P(/, l,f) whose 
underlying set is (P\1) u l and whose relations are given by: x ~ y if and only if 
{ 
x, y e P\1 and x ~ y in P, or 
x, y e l and x ~ y in l, or 
X E l, y E P\1, and X ef.,(y). 
It is straightforward to vertify that this actually defines a poset. Note that if x e P\1, then 
P(l, l,f)<X n l =f., (x). We can now observe that the process is reversible:f- 1 is a surgery 
map, and P(/, l,f)(l, /,f- 1) = P. 
THEOREM 8.1. If P and l are posets, I is an ideal of P, andf: Ill -+ Ill is a surgery map, 
then IP(/, l,f)l is homeomorphic to IPI. 
PROOF. Define h: IPI -+ IP(/, l,f)l by h('l:,xEP\I t(x)x + 'I:,xEI t(x)x) = 'I:,xEP\1 t(x)x + 
('I:,xEI t(x))f(('I:,xEI t(x))- 1 'I:,xEI t(x)x). Sincefmaps IP<x n II into lf.,(x)l = IP(/, l,f)<x n ll 
for each x in P\1, we can see that h really does map IPI into IP(/, l, f)l, i.e. every value of 
h is a convex combination of points of some chain of P(I, l, f). It is easy to see that 
h is continuous. Now, if we use the same method to define a map from IP(/, l, f)l 
to IP(/, l,f)(l, /,f- 1)1 = IPI, we obtain the inverse function of h. Therefore h is a 
homeomorphism. 
EXAMPLE If I is any ideal of a poset P, then the canonical homeomorphisms III -+ 
lint (/)I and III -+ lsd (/)I given by Theorems 4.1 and 4.2 are surgery maps. 
9. SoME EXAMPLEs IN FIXED POINT THEORY 
A poset P has the fixed point property if every order-preserving map from P to P has a 
fixed point. Baclawski and Bjorner proved [2] that if P is finite and acyclic, then P has the 
fixed point property. Indeed, most finite posets which are known to have the fixed point 
property are also acyclic. However, Baclawski and Bjorner also showed that if IPI is 
homeomorphic to a sphere of any dimension, then P has the fixed point property if and only 
if P has no fixed point free automorphisms. Such posets can be constructed by using 
cosmetic surgery to remove automorphisms. For example, consider the poset in Figure 1. 
This poset is the join of its subposets {7, 8} and {1, 2, 3, 4, 5, 6}. The realization of the 
former subposet is two points, and the realization of the latter subposet is a circle. So by 
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FIGURE I. 
FIGURE 2. 
Theorem 3.1, the geometric realization of the poset of Figure 1 is the sphere S2• This poset 
does have fixed point free automorphisms. But if we use cosmetic surgery to replace the 
ideal { 6, 7, 8} by its subdivision sd {6, 7, 8}, we obtain the poset in Figure 2. This new poset 
has no fixed point free automorphisms, and is still homeomorphic to S2, so it has the fixed 
point property. (I conjecture that this is the smallest poset which has the fixed point 
property without being acyclic.) 
From the Mayer-Vietoris exact homology sequence, we know that if a poset Pis a union 
of ideals I and J such that Ill, IJI, and II 11 Jl are acyclic, then IPI is also acyclic. One might 
wonder whether the fixed point property behaves in the same way. That is, if I and J are 
ideals such that/, J, and I 11 Jhave the fixed point property, must P = I u Jhave the fixed 
point property? Baclawski and Bjorner gave a counterexample [2, Example 5.4], but we will 
now construct a smaller counterexample. 
FIGURE 3. 
We begin with the poset of Figure 3, call it Q. Its geometric realization is S 2, by the same 
reasoning as we used for Figure 1. Let R be the poset shown in Figure 4. Since the 
realization of R is homeomorphic to the unit interval, Theorem 3.2 implies that IQ x Rl 
is homeomorphic to S 2 x [0, 1]. If we erect a cone over each component of the boundary 
of S 2 X [0, 1 ], we obtain S 3 • Consequently the realization of the poset shown in Figure 5 
is S3 • Next, we use cosmetic surgery to replace the 6-element ideal indicated by squares in 




Figure 5 by its subdivision. The result is shown in Figure 6; call it P. Clearly P has a fixed 
point free automorphism given by reflection across a vertical line. When an element x is 
chosen as indicated in Figure 6, we can express P as the union of two ideals I = P\ { x} and 
J = P,;;.x· Since Ill is a cone, it is acyclic, hence has the fixed point property. The other 
ideal III is S2 x [0, 1] with a cone over one component of the boundary, which yields a 
3-dimensional ball. Therefore III is also acyclic. Finally, II n Jl is homeomorphic to S2 
(having been obtained from Q by surgery) and has no fixed point free automorphisms, so 
In J has the fixed point property. 
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